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Abstract

Fluid flow and thermocapillary heat transfer near a droplet/air interface in microchannels is studied analytically and numerically in
this set of two companion papers. Thermocapillary forces generate a pressure difference across the droplet, which drives two symmetric
re-circulation cells in the upper and lower half-portions of the droplet. The numerical formulation uses a sliding grid for the accelerating
droplet, as well as an expanding/contracting grid in the gas region and an adaptive grid in the substrate below the closed-end microchan-
nel. In contrast to past studies with a uniform interfacial pressure, this paper accommodates a varying interfacial pressure along the
receding edge of the droplet.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Effective methods of microfluidic transport have
importance in various emerging technologies of micro
and nano-systems. Effective flow control improves the ther-
mal performance of micro heat exchangers [1] and micro-
channel heat sinks for electronics cooling [2]. Past
methods of MEMS flow control have used pressure driven
[3], electrically driven [4] or thermocapillary driven
methods [5]. A comprehensive review of micro-pumping
technologies was documented by Singhal et al. [6]. Benefits
and limitations of about twenty different types of micro-
pumps were described. The maximum flow rates of differ-
ent micro-pumps were compared. Other comparisons
involving actuation voltage, frequency of operation, cost
of fabrication and electronics cooling capabilities were
reported by the authors [6]. This paper examines a promis-
ing alternative to these past methods of flow control, by
using thermocapillary forces to generate pressure differ-
ences that drive the microfluidic motion.
0017-9310/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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Thermocapillary forces have been used successfully for
flow control along micro-patterned surfaces [7]. Surface
micro-grooves have additional benefits of reducing entropy
production of convective heat transfer [8]. In a closed-end
microchannel, thermocapillary pumping (TCP) involves
oscillatory droplet motion during cyclic periods of heating
and cooling. Fluid velocities of oscillatory thermocapillary
convection have been reported by Agata et al. [9]. Thermo-
capillary forces have been used to generate pressure gradi-
ents across a vapor bubble in a capillary tube [10]. The
difference of surface tension across a bubble leads to con-
vective motion towards the region of higher temperature.
In nucleate boiling problems, surface tension affects
detachment size and departure frequency of bubbles along
a surface [11]. Accurate modeling of force and heat bal-
ances across bubbles or droplets has importance in various
technological problems related to multiphase flows [12–14].

Unlike other conventional methods of flow control in
microdevices, thermocapillary control operates without
any mechanical moving parts. A miniaturized optical
switch involving thermocapillary transport was presented
by Togo et al. [15]. Temperature variations within the
liquid produce a spatial change of surface tension, thereby
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Nomenclature

A interfacial area (m2), surface tension constant
B surface tension constant
cp specific heat (J/kg K)
d droplet height (m)
F force (N)
G microchannel constant
h convection coefficient (W/m2 K)
H microchannel height (m)
k thermal conductivity (W/m K)
_m mass flow rate (kg/s)
m mass of droplet (kg)
M mass of fluid within control volume (kg)
P pressure (Pa)
Pe Peclet number (vH/a)
q00 heat flux (W/m2)
R gas constant (J/kg K)
S source term
t time (s)
T temperature (K)
u,v x and y-velocity components (m/s)
V volume (m3)
x, y Cartesian coordinates (m)

Greek symbols

a Peclet weighted convection coefficient
b diffusion coefficient
/ arbitrary scalar value
k relaxation coefficient
l dynamic viscosity (kg/m s)

h contact angle (rad s)
q density (kg/m3)
r surface tension (N/m)

Subscripts

a air
b bulk
c capillary
cl centerline
d droplet
e, w, s, n east, west, south and north integration points
E, W, S, N east, west, south and north nodal points
f friction
i initial
L left edge
NP, P neighbouring and central nodes
o surroundings
R right edge
s substrate
v vertical
w wall

Superscripts

k previous iteration
k + 1/2 current (intermediate) iteration number
n previous time step
n + 1 current time step
o previous iteration or time step
u velocity
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driving microfluidic motion for purposes of pumping or
switching. The electrical analogy of this mechanism is
electrocapillary transport, whereby an electrical potential
gradient between two immiscible conducting fluids gener-
ates a spatial change of surface tension. This resulting fluid
motion is called continuous electrowetting (CEW). Lee and
Kim [16,17] have reported CEW control of a liquid metal
droplet in circular microchannels. Unlike CEW, this paper
examines how thermal gradients across the fluid can gener-
ate fluid motion.

Gurrum et al. [18] used a two-dimensional level set
method to predict thermocapillary flow in a microchannel.
Variations of surface tension were applied across both ends
of the droplet and the predicted results were compared
against data obtained from a Poiseuille flow profile. The
model predicted a lower average velocity than Poiseuille
results, due to the departure of parallel flow in the proxim-
ity of the droplet ends. The Poiseuille flow profile repre-
sents an approximation for laminar channel flows.
Glockner and Naterer [19] have shown that Reichardt’s
velocity profile can be successfully applied to turbulent
channel flows. DeBar and Liepmann [20] manufactured
and tested silicon and quartz thermocapillary pumps with
a square cross-sectional area. Three heaters were used, with
one heater to generate a fluid–vapor interface and two
other heaters to control the spatial temperature gradient.
The pumps operated under a variety of conditions, in order
to evaluate the performance characteristics. These studies
considered a square cross-sectional area, while other past
studies have investigated other types of geometrical pro-
files, such as circular microtubes [21], surface micro-
grooves [22], trapezoidal microchannels [23] and open
rectangular microchannels [8]. This paper will examine
rectangular microchannel flows, but unlike past papers that
considered two open ends of a microchannel, the current
study involves closed-ended microchannels with pressur-
ized gas sections at both ends that assist in thermocapillary
cycling of the droplet motion.

Sammarco and Burns [24] have described how TCP
can be used to pump small volumes of fluid within a
micro-fabricated flow channel. TCP velocities up to
20 mm/min were measured for various liquids, with tem-
perature differences ranging from 10 �C to 70 �C. Experi-
ments yielded TCP velocities comparable to theoretical
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predictions of the TCP velocity [24]. A subsequent paper
by the same authors [25] outlined a thermal analysis of
TCP within the microchannel. The analysis investigates
both fluid flow and energy transport to develop materials,
designs and operational guidelines for effective pumping
performance. The interface temperature was reported for
droplet velocities less than 0.1 cm/s, when pumping water
across a fused silica substrate with a glass microchannel.
Thermocapillary forces on detached bubbles in micro-
channels and fuel cells have been investigated theoretically
by Chedester [26]. Non-uniformities of surface tension
within the bubble arise from varying temperatures along
the surface of the bubble. Thermocapillary forces were
shown to distort and elongate bubbles in the direction
perpendicular to the heated surface. This distortion aug-
ments the drag force, in comparison to partly spherical
bubbles with the same volume. The results indicate that
thermocapillary forces resist the detachment of bubbles
from the wall during the transient process of phase
change. In addition to surface tension and drag forces,
the current article examines how internal flow recircula-
tion and external pressure forces affect the thermocapil-
lary motion of a fluid in a microchannel.

Thermocapillary forces affect the rate of liquid reten-
tion within microscopic surface pores [27]. Yoshida
et al. [28] performed a two-dimensional numerical analy-
sis of a micro-pump system driven by surface tension.
Gas was trapped between thermoelectric elements inter-
spersed within the channel. The surface force along the
interface between the trapped gas and adjacent liquid
drove the pump. The thermoelectric elements con-
trolled the magnitude of the surface force. The authors
varied certain design parameters of the micro-pump
to determine effects of geometrical changes on system
performance.

In this article, a 2-D computational fluid dynamics
(CFD) model is developed to predict thermocapillary
pumping (TCP) in closed-end microchannels. Predictions
of TCP within a closed microchannel differ from open
microchannels, as pressures upstream and downstream of
the droplet are unequal. Large droplet velocities reported
in past TCP studies with open-end channels cannot be
obtained in a closed-end microchannel, since small droplet
displacements create an opposing pressure gradient in the
gas region, with a similar magnitude as the thermocapillary
pressure. Also, open-end channel assumptions of steady-
state Poiseuille flow are not fully applicable in closed
microchannels, when cyclic heat input generates periodic
acceleration of the droplet. This paper develops a coupled
velocity/pressure formulation with a non-uniform interfa-
cial pressure. This interfacial pressure generates thermo-
capillary forces that drive re-circulating motion near the
corners of the droplet. Also, a theoretical model will be
developed to predict overall trends arising from different
geometrical configurations and thermophysical properties.
Comparisons between theoretical and numerical results
will be discussed.
2. Thermocapillary pumping in a closed microchannel

Consider a micro-droplet enclosed by air regions on
both sides of the droplet within a closed microchannel
(see Fig. 1). A stationary heat source is applied at the back
end of the droplet, which produces a temperature gradient
and thermocapillary force within the droplet. The resulting
pressure difference across the droplet generates fluid
motion from left to right in Fig. 1. This pressure difference
is similar to an externally applied fluid pressure, so certain
portions of the flow region exhibit the characteristics of
Poiseuille flow. The fluid velocity deviates from Poiseuille
flow behavior near the ends of the droplet, due to re-circu-
lation effects. If the interfacial u-velocity along the menis-
cus is nearly equal to the bulk velocity of the droplet, the
shape of the droplet is approximately undistorted.

During thermocapillary pumping, the advancing contact
angle is generally different than the receding contact angle
during droplet translation. In this paper, the receding and
advancing contact angles were both assumed as zero. This
approximation is a reasonable assumption when the drop-
let length is much larger than the channel height, since the
volume of the droplet ends becomes small, relative to the
total volume of the droplet. It can be shown that the error
of the predicted thermocapillary pressure for a water drop-
let, due to the assumption of a zero contact angle, is about
1.5% for a contact angle of 10�. This deviation could be
readily incorporated into the thermocapillary model of
the CFD code, provided the contact angles were known.
Unfortunately, such data in closed-end microchannels is
not available in the archival literature (to our knowledge),



Fig. 2. Schematic of adaptive grid refinement in the closed microchannel.
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so the current approximation of a zero contact angle was
utilized.

The droplet velocity and displacement can be estimated
with a slug-flow approximation (SA Model), which treats
the droplet as a non-deforming slug. The net force on the
droplet consists of a sum of three components, namely:
(i) a thermocapillary force (Fc), (ii) external air force (Fa)
and (iii) a frictional drag force (Ff). The thermocapillary
force is the net force acting on the slug due to the thermo-
capillary pressure difference [25] (see Fig. 1), i.e.,

F c ¼ DP cA ¼ P c;R � P c;Lð ÞA

¼ GA
r cos h

H

� �
R

� r cos h
H

� �
L

� �
ð1Þ

The surface tension at the ends of the droplet depends on
temperature, T, as follows,

r ¼ A� BT ð2Þ

where A = 75.83 dyn/cm and B = 0.1477 dyn/cm K for
water. Also, h is the contact angle between the liquid and
solid and G = 2(1 + height/width) for rectangular micro-
channels.

An external air force arises from compression or expan-
sion of the gas downstream and upstream of the droplet,
respectively. The air surrounding the droplet was treated
as a perfect gas according to the ideal gas law, so the exter-
nal air force on the micro-droplet becomes

F a ¼
maRT aA

V a

ð3Þ

where the subscript a refers to air and R = 0.287 kJ/kg K
for air. It is assumed that liquid in the microchannel stays
above the vapor pressure, so that no evaporation occurs
and the gas phase remains dry, without moisture added
to the air from the liquid.

Also, fluid friction within the droplet is approximated
from the following velocity profile corresponding to
Poiseuille flow [29],

u ¼ �H 2

2l
op
ox

y
H

� �2

� y
H

� �
ð4Þ

where y is the distance from the channel wall. Based on this
velocity profile, the friction force at the wall becomes

F f ¼
12

H
lDxbub ¼ ADP ð5Þ

where b and ub refer to the channel depth and bulk droplet
velocity, respectively.

Combining the previous friction, air and thermocapil-
lary forces yields the following net force (F) on the
micro-droplet,

F ¼ GA
r cos h

H

� �
R

� r cos h
H

� �
L

� �

þ AR
maT a

V a

� �
L

� maT a

V a

� �
R

� �
þ ADP ð6Þ
where R, b and DP refer to the gas constant (0.287 kJ/kg K
for air), microchannel depth and total pressure difference
across the droplet, respectively. Based on this net force,
the velocity and displacement of the micro-droplet can be
determined from temporal integration over a discrete time
step, Dt, so that

u ¼ uo þ Dt
m

GA
r cos h

H

� �
R

� r cos h
H

� �
L

� ��

þAR
maT a

V a

� �
L

� maT a

V a

� �
R

� �
þ ADP

	
ð7Þ

x ¼ xo þ uDt ð8Þ

These results will be called the analytical SA Model (slug-
flow approximation). This theoretical formulation will be
used for purposes of comparison and validation against
the detailed numerical formulation in the next section.
3. Finite volume formulation of fluid flow

In this section, a numerical method (FVM; finite volume
method) is developed to solve the detailed Navier–Stokes
equations within the droplet in the closed-end microchan-
nel. The microchannel region, adjoining air regions and
surrounding substrate material were sub-divided into dis-
crete control volumes (see Fig. 2). Within each region,
the dependent variables are stored at nodal points that
are centrally located within the control volumes (see
Fig. 3a). The following two-dimensional mass and momen-
tum conservation equations are used to predict the fluid
velocities within the micro-droplet.

o

ot
ðqÞ þ o

ox
ðquÞ þ o

oy
ðqvÞ ¼ 0 ð9Þ
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The algebraic governing equations will be derived after the
above Navier–Stokes equations are integrated spatially
over the control volumes. Integrating Eq. (9) over a control
volume, V, and discrete time step, Dt, it can be shown that
the standard finite volume procedure leads to the following
result,



x

y

P

N

S

W E 

Neighboring 
control 
volumes 

Nodal points 

Central (typical) control volume 

Control
volume 
boundaries 

L0

L

a a a a 

P mesh 

u-velocity mesh 

Fig. 3. Schematic of (a) overall grid and (b) pressure/velocity grids.

P.S. Glockner, G.F. Naterer / International Journal of Heat and Mass Transfer 50 (2007) 5269–5282 5273
ðMP �Mn
PÞ

Dt
¼ _mw � _me þ _ms � _mn ð12Þ

This equation was solved for each control volume within
the moving droplet.

A similar discretization is used for the momentum equa-
tions. Integrating Eq. (10) over the discrete control volume
and time step,Z tþDt

t

Z
V

o

ot
ðquÞdV dt þ

Z tþDt

t

Z
V

o

ox
ðquuÞdV dt

þ
Z tþDt

t

Z
V

o

oy
ðqvuÞdV dt

¼
Z tþDt

t

Z
V

o

ox
l

ou
ox

� �
dV dt þ

Z tþDt

t

Z
V

o

oy
l

ou
oy

� �
dV dt

þ
Z tþDt

t

Z
V

_S000u dV dt ð13Þ

The x-convection term is approximated byZ tþDt

t

Z
V

o

ox
ðquuÞdV dt �

Z tþDt

t
ð _meue � _mwuwÞdt ð14Þ
The integration point velocities can be determined by [30]

ue ¼ aeuP þ ð1� aeÞuE ð15Þ

uw ¼ awuW þ ð1� awÞuP ð16Þ

In these equations, a is a dimensionless coefficient weighted
by the local Peclet number (Pe) [30]. This approach repre-
sents Peclet weighted upwinding in the convection terms.
When calculating advection terms in Eq. (14), the velocity
field must be evaluated in the moving droplet’s reference
frame. The droplet’s bulk velocity will be subtracted from
the local velocity field, before calculating the advection
terms. This procedure involves a moving grid in the drop-
let, which must stay aligned with the grid points in the sub-
strate. The next section will discuss further details
regarding this moving grid formulation.

The diffusion term is approximated asZ tþDt

t

Z
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Z e

w
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ox
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ou
ox
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¼
Z tþDt

t
leAe
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dt ð17Þ
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The gradient of u at an interface leading to diffusion is
written as

ou
ox






e

¼ be

uE � uPð Þ
ðDxÞe

ð18Þ

ou
ox






w

¼ bw

uP � uWð Þ
ðDxÞw

ð19Þ

where b is a diffusion weighting coefficient that depends on
Pe. Combining Eqs. (17)–(19),Z tþDt

t

Z
A

Z e

w

o

ox
l

ou
ox

� �
dxdAdt

¼ leAebe

Dxð Þe

� �
uE þ

lwAwbw

Dxð Þw

� �
uW �

leAebe

Dxð Þe
þ lwAwbw

Dxð Þw

� �
uP

� �
Dt

ð20Þ

A similar formulation is used for the y-direction compo-
nent of diffusion. In these approximations, the dependent
variables are assumed to vary linearly between nodal
points, so that piecewise linear profiles can be used and
variables at a particular node depend only on nearby nodal
values. In order to ensure accuracy of linear interpolations
used for the above diffusion approximations, various grid
refinements were performed until predicted results of drop-
let displacement and velocity became independent of fur-
ther grid refinement. After each time step, the velocity
mesh is re-generated so that the nodal points within the
substrate remain aligned with nodes in the moving droplet.
The moving grid procedure will be described in the next
section.

The source term arising from thermocapillary forces is
sub-divided into a constant portion, Sc, and a property
dependent portion, SP, i.e.,Z tþDt

t

Z
V

_S000dV dt � V P

Z tþDt

t
Sc þ SP/Pð Þdt

¼ QP þ RP/Pð ÞDt ð21Þ

where QP and RP represent the products of the volume and
the variables Sc and SP, respectively. The source term is lin-
earized with respect to an arbitrary scalar at node p, de-
noted by /p, which can denote a velocity component or
temperature for the momentum or energy equations,
respectively.

Assembling all terms and dividing by Dt yields the fol-
lowing x-momentum equation,

au
PuP ¼

X
au

NPuNP þ bu
P ð22Þ

whereX
au

NPuNP ¼ au
EuE þ au

WuW þ au
NuN þ au

SuS ð23Þ

au
E ¼ max 0; ð1� 0:1jPeejÞ5

h i leAe

ðDxÞe
þmaxð� _me; 0Þ ð24Þ

au
W ¼ max 0; ð1� 0:1jPewjÞ5

h i lwAw

ðDxÞw
þmaxð _mw; 0Þ ð25Þ
au
N ¼ max 0; ð1� 0:1jPenjÞ5

h i lnAn

ðDyÞn
þmaxð� _mn; 0Þ ð26Þ

au
S ¼ max 0; ð1� 0:1jPesjÞ5

h i lsAs

ðDyÞs
þmaxð _ms; 0Þ ð27Þ

au
P ¼

MP

Dt
þ au

W þ au
E þ au

S þ au
N � RP ð28Þ

bu
P ¼

Mn
P

Dt
un

P þ QP þ _me � _mw þ _mn � _ms ð29Þ

Eq. (22) is the x-momentum equation and a similar result is
obtained for y-momentum.

The coupled mass and momentum equations are solved
iteratively by the SIMPLEC procedure (Patankar, [30]),
with an iterative line Gauss–Seidel solver on a staggered
grid. The staggered grid uses a u-velocity mesh with one
fewer column than the pressure mesh (see Fig. 3b). A
requirement of the u-velocity mesh is that the centers of
the left and right columns of fictitious u-velocity control
volumes are located along the left and right edges of the
left-most and right-most control volumes, respectively.
Grid refinement is performed near the droplet/air interface
to improve accuracy of interfacial flux terms.

In the calculation procedure for the interfacial motion,
the inlet and outlet boundary conditions for the u-velocity
are first calculated. The same value is specified at every node
along both menisci to ensure that the droplet remains undis-
torted. Then, the momentum equations are solved with the
current pressure field to obtain new u and v fields. Based
on the current temperature field, the new thermocapillary
pressure boundary conditions can be specified. Then, the
pressure correction equation is solved to obtain the new pres-
sure field, after which the u and v fields are corrected using the
new pressure field and the steps are repeated until conver-
gence is reached. In this iterative procedure, both interfacial
velocity and pressure fields are initially unknown, but solved
iteratively with the coupled momentum equations.

No-slip conditions are applied along the top and bottom
walls of the microchannel. At the moving droplet/air inter-
face, the current formulation establishes a non-uniform
pressure by solving the interfacial pressure/velocity cou-
pling iteratively with SIMPLEC [30]. The interface velocity
is determined iteratively based on the mass flow rate from
the previous iteration as follows,

ubc ¼
Pimax

i¼1

Pjmax
j¼1 ui;jDyi;j

imaxH
ð30Þ

where the subscripts i and j are the row and column num-
bers, respectively. The updated velocity in Eq. (30) is used
as a moving boundary condition for the fluid flow equa-
tions, which are solved repeatedly until convergence of
the internal flow field is reached.

The pressure field is specified in the control volumes
adjacent to the wall at both left and right moving edges
of the droplet. Along the upper and lower walls, a no-slip
boundary condition is applied to the velocity field. The
pressure is specified in all four corners of the droplet, but
not the remaining portion of the liquid/air interface. In this



P.S. Glockner, G.F. Naterer / International Journal of Heat and Mass Transfer 50 (2007) 5269–5282 5275
way, the iterative solution of fluid flow equations will allow
the pressure and velocity fields to adjust until they satisfy
the overall thermocapillary force balance across the drop-
let. The pressures in the right corners are held at a reference
value of zero. Then, the pressure in the left corners is spec-
ified in the following manner,

P mþ1
L ¼ P m

L þ P R � P L

� �m � DP spec


 �
ð31Þ

where DPspec is the sum of the thermocapillary pressure
caused by the difference in surface tension across the droplet
and the external air pressure difference. This pressure differ-
ence induces fluid motion outwards from the corners of the
droplet (see Fig. 1). The superscripts m and m + 1 indicate
values at the previous iteration level and the new iteration le-
vel, respectively. The average left and right pressures are the
weighted averages of the pressures across the left and right
boundaries of the droplet, respectively. Upon convergence,
the difference in the average pressures will equal the specified
pressure difference across the droplet, i.e. P mþ1

left ¼ P m
left.

4. Moving grid procedure

In the previous section, fluid motion was predicted from
the solution of the Navier–Stokes equations within the
moving droplet. The droplet velocity field is predicted in
the reference plane of the overall system. The droplet mesh
will move at the droplet’s bulk velocity. When viewed in
the droplet’s reference frame, a re-circulating velocity field
will be observed from the numerical results. When solving
the governing equations, the momentum grid will slide over
a stationary but transient mesh, where the energy equations
will be solved (next companion paper). The moving grid
will be regenerated at the end of each time step and the
temperature field within the substrate will be transformed
onto the newly generated mesh. An adaptive grid formula-
tion was developed to accommodate movement of the
droplet on a moving grid, relative to the substrate.

The main objective of this paper is presenting the first
documented study (to our knowledge) of the non-uniform
pressure at the moving droplet/air interface in a micro-
channel. Past studies have assumed a uniform pressure
field, which is decoupled from the re-circulating internal
fluid motion and simplified by a Poiseuille flow profile
[29]. Since the accuracy of the interfacial flux terms has pri-
mary importance in this study, grid refinement was per-
formed near the moving droplet/air interface. The grids
were refined in the vicinity of the moving boundary with
a Bernstein polynomial. A fifth order polynomial was used
in the following form,

gðtÞ ¼ ð1� tÞ5P 0 þ ð1� tÞ4tP 1 þ ð1� tÞ3t2P 2

þ ð1� tÞ2t3P 3 þ ð1� tÞt4P 4 þ t5P 5 ð32Þ

where t is a local coordinate bounded by 0 6 t 6 1. The five
P values are the control points that control the expansion
ratio of the mesh. The user can specify P1 with the other
control points being calculated as follows,
P 0 ¼ 0 ð33Þ
P 2 ¼ 2P 1 ð34Þ
P 3 ¼ 1� P 2 ð35Þ
P 4 ¼ 1� P 1 ð36Þ
P 5 ¼ 1 ð37Þ

It is required that

0 < P 1 <
1

4
ð38Þ

Assigning a value of P1 = 0.2 yields a uniform mesh. Each
of the regions (droplet, surrounding air and substrate in
(Fig. 2) may be assigned different values of P1.

Fig. 3b demonstrates the relation between typical P and
u-velocity grids. Examination of the diagram allows us to
derive a method for determining the length of the u-velocity
mesh, L, based on the existing P mesh. Let the function g(t)
represent the Bernstein polynomial of Eq. (32) and let the
variable nx represent the number of columns of real control
volumes in the P mesh. Then, the following expression for
L can be derived as follows,

ðL0 � 2aÞg 1

nx� 1

� �
¼ 2a ð39Þ

Re-arranging Eq. (39) yields an expression for a in the fol-
lowing form,

a ¼ gL0=ðnx� 1Þ
2þ 2g=ðnx� 1Þ ð40Þ

From Fig. 3b, it can be observed that

L ¼ L0 � 2a ð41Þ
Eqs. (40) and (41) are combined to yield the following
expression for L.

L ¼ L0

1þ g=ðnx� 1Þ ð42Þ

In the following section, predicted results from the numer-
ical formulation will be presented.

5. Results and discussion

In this section, three example problems will be presented,
namely (i) transient Poiseuille flow in a microchannel (vali-
dation problem), (ii) droplet flow in an open-end micro-
channel (comparison against experimental data) and (iii)
droplet flow in a closed-end microchannel (application
problem). Problem parameters and thermophysical proper-
ties are summarized in Tables 1 and 2 (case 2) and 3 (case 3).

5.1. Case 1: Transient flow in a microchannel with open ends

and a closed top surface

The numerical formulation was initially validated
through simulation of transient Poiseuille flow in a micro-
channel. The flow is induced by a suddenly applied pres-
sure gradient at time t = 0. Water is enclosed between



Table 1
Thermophysical properties and problem parameters (case 2: S = 37)

Property Value

Channel height (d) 32 lm
Channel depth (b) 500 lm
Droplet length (L) 5276 lm
Receding contact angle (hR) 47.6�
Advancing contact angle (hA) 49.8�
Minimum temperature difference (DTmin) 19 �C
Geometry constant (S) 37
Dynamic viscosity (l) 26 � 109 N s/m2

Table 2
Thermophysical properties and problem parameters (case 2: S = 12)

Property Value

Channel height (d) 50 lm
Channel depth (b) 500 lm
Droplet length (L) 2.5, 12.8, 21 mm
Receding contact angle (hR) 39.6�
Advancing contact angle (hA) 50.6�
Surface tension hysteresis correction 2.28 cm/s
Geometry constant (S) 12
Dynamic viscosity (l) 26 � 10�9 N s/m2
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two parallel plates separated by a distance of H = 30
microns. Initially (t = 0), the liquid is motionless and a
constant pressure gradient is then applied across the chan-
nel, thereby setting the fluid into motion. The pressure
drop across the channel was specified as 1 Pa and the time
step size is 0.0001 ms Table 3. The analytical solution for
transient developing channel flow is given by

uðy; tÞ ¼ �H 2

2l
oP
ox

1� y
H

� �2

� 32

p3

X1
k¼1

ð�1Þkþ1

ð2k � 1Þ3

(

� cos
ð2k � 1Þp

2

y
H

� �
exp �ð2k � 1Þ2p2

4H 2
mt

" #)

ð43Þ
This analytical result will be compared against predicted
velocities from the finite volume method (FVM). No-slip
conditions along the top and bottom walls and a zero flux
along the inlet and outlet faces of the channel were applied
for both velocity components. At the channel inlet, the
pressure was specified in the wall control volumes as
DPspec. The length used in the pressure gradient term is
the distance between two pressure specification points in
the staggered grid.
Table 3
Thermophysical properties and problem parameters

Property

Density of droplet (q) 1000 kg/m3

Dynamic viscosity (l) 0.001 kg/m s
Time step (Dt) 0.001 m s
Domain length (L) 30 lm
Channel height (H) 30 lm
Number of x control volumes (nx) 20
Number of x control volumes (ny) 20/80
Pressure difference (DP) 1 Pa
Fig. 4 illustrates close agreement between analytical and
predicted velocities at different times in the microchannel.
The spatial velocity profile is symmetric about the center-
line of the microchannel, so only results in a half-portion
of the microchannel are depicted. For each time increment
of plotted data (0.0002 ms), the fluid velocity in the core of
the microchannel increases by about 6.7 lm/s. During this
period, the thickness of the boundary layer increases due to
transient diffusion of momentum along the wall. The flow
becomes fully-developed when boundary layers along each
wall merge in the centerline of the microchannel. Such
fully-developed conditions are shown in Fig. 5. For both
developing flow (Fig. 4) and fully-developed flow in the
microchannel (Fig. 5), close agreement between analytical
and predicted FVM results is obtained.

The solution error of velocity was calculated at each
location and time step as follows,

Error ¼ up � ua

ua;max

ð44Þ

where up and ua refer to the predicted (FVM) and analyti-
cal velocities, respectively. A maximum error of about 8%
occurred near the wall in the first time step. This error de-
creased with each time step and the steady-state results
were nearly identical to the analytical solution. The average
u-velocity error within the domain was below 0.05% at the
steady-state. The steady-state centerline velocity may be
calculated in the following manner,

uc ¼ �
H 2

8l
oP
ox

ð45Þ

which yields a centerline velocity of 3.75 mm/s. Additional
sensitivity results and grid refinement studies were con-
ducted with 20 � 20 and 20 � 80 mesh simulations. For
both grids, the percentage error was less than about 1%
at different locations within the microchannel, so grid-inde-
pendent results were confidently obtained with the 20 � 20
mesh discretization.
5.2. Case 2: Microchannel with open ends and open top

surface

Sammarco and Burns [24,25] used thermocapillary
pumping (TCP) to move nanoliter- and picoliter-sized
droplets of liquid within microchannels with open ends
and an open top surface. The authors presented the follow-
ing equation for the steady-state TCP droplet velocity,

v ¼ dGB cos hR

LSl
ðDT � DT minÞ þ

d2

SlL
DP e þ qgL sin /ð Þ

ð46Þ

where

DT ¼ T R � T A ð47Þ

DT min ¼
A
B
� T A

� �
1� cos hA

cos hR

� �
ð48Þ
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The variables L, S, DTmin, DPe and / are the length of the
microdroplet, a geometry-specific constant, minimum tem-
perature difference across the droplet to overcome surface
tension hysteresis [24], external (air) pressure difference
across the microdroplet and the inclination angle of the
microchannel. For the current case of an open-ended
microchannel, the external pressures are assumed equal
and the microchannel is not inclined.

The microchannels were etched into 500 lm thick wafers
using an HNO3:HF [3:1] etching solution, which yielded a
trapezoidal cross-section. Poly-silicon resistive heating ele-
ments beneath the microchannels were used to control the
droplet motion, while a separate series of poly-silicon resis-
tive temperature detectors was used to measure the temper-
ature field within the microdroplet. The problem
parameters are shown in Tables 1 and 2. The values of
DTmin = 19 �C and S = 37 used in the numerical simula-
tions were determined experimentally [24] (note: DTmin =
24 �C seems to better match the experimental data in
Ref. [24]).

Rectangular microchannels (S = 12) are used in the cur-
rent numerical simulations, thereby making direct compar-
isons to experimental data for trapezoidal microchannels
difficult. The value of S for trapezoidal microchannels
[24] can be determined through a comparison with values
of the Poiseuille number, P0, calculated for similar micro-
channels by other authors. A geometry coefficient, CR,
can be derived from the Poiseuille number as follows:

CR ¼
U 2

8A
P 0 ð49Þ

where U is the wetted perimeter and A is the cross-section
of the microchannel. The value of CR may be calculated
according to

CR ¼
12� 1:38aþ 4a2

a� 0:85a2 þ 0:28a3
ð50Þ

where

a ¼ height

average width
ð51Þ

A channel height of 32 lm and an average channel width of
500 lm yield a = 0.064 and a resulting geometry coefficient
of CR = 196.864. Rearranging Eq. (54) and solving for the
Poiseuille number yields P0 = 22.258. For a trapezoidal
microchannel with a height/width ratio of a = 0.0277, the
Poiseuille number is P0 = 22.94. Also, the Poiseuille num-
ber can be written as



5278 P.S. Glockner, G.F. Naterer / International Journal of Heat and Mass Transfer 50 (2007) 5269–5282
P 0;exp ¼
AD2

hDP
2lQL

ð52Þ

The bulk droplet velocity may be expressed as ub = Q/A, so
re-arranging Eq. (52),

ub ¼
D2

hDP
2lLP 0;exp

ð53Þ

Alternatively, using the expression derived by Sammarco
and Burns [24],

ub ¼
D2DP
SlL

ð54Þ

Equating Eqs. (53) and (54), the value of S for the param-
eters shown in Table 1 becomes 12.6, which is inconsistent
with the value of S = 37 reported by Sammarco and Burns
[24]. It is possible that their microchannel was not a perfect
trapezoid, due to manufacturing limitations. The scaling
factor Snum/Sexp used to compare numerical and experi-
mental data in Fig. 6 was 12/37 = 0.32432.

TCP was studied for various temperature differences of
DT = 8, 10, 11, 16, 21, 36 and 51 �C in a rectangular micro-
channel. Eq. (48) yields DTmin = 7.88 �C. The steady-state
bulk droplet velocities corresponding to this minimum tem-
perature difference are labeled as ‘‘numerical” in Fig. 6.
The curve representing the theoretical steady-state bulk
droplet velocities is labeled as ‘‘theory” in Fig. 6. The slope
of the curves is identical, but the minimum temperature dif-
ferences required to overcome surface tension hysteresis
(corresponding to the intersections of the curves with the
x-axis) differ by approximately 2�. It is unclear why the
‘‘theory” curve of Sammarco and Burns [24] does not
coincide with the results with the value of DTmin implied
by Eq. (48).
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Fig. 6. Droplet velocity in a microchannel with open ends and top surface
(case 2).
Note that substantial uncertainty bars encompassing the
discrepancies between theoretical and experimental data
were reported by Sammarco and Burns [24]. The authors
reported that errors lie with the measurement of advancing
and receding contact angles. A measured difference as small
as hA � 50 ? 52� and hR � 48 ? 47� shifted DTmin from
about 7 �C to 19 �C [24]. In order to compare the numerical
simulations with experimental data corresponding with
DTmin = 19 �C, the ‘‘numerical (corrected)” simulations
shifted Tmin = 19–7.88 = 11.12 �C along the x-axis. In this
case, the shifted velocities in Fig. 6 show good agreement
with experimental data. This shifted effect of surface ten-
sion hysteresis could be readily incorporated into the
numerical simulations, once the values of hA and hR are
known (such as values from experimental data). Good
agreement between predicted and experimental data in
Fig. 6 provides useful validation of the numerical formula-
tion of thermocapillary pumping over a fixed temperature
difference across a droplet in an open-ended microchannel.

Additional validation was performed in Fig. 7 by com-
paring numerical simulations against experimental data
[24] for mineral oil droplets pumped through rectangular
microchannels under an applied external pressure gradient.
Microdroplets of lengths 2.5 mm, 12.8 mm and 21 mm were
considered. The theoretical curve in Fig. 7 is defined by

v
d=L
¼ d

Sl

� �
DP e �

DT minGb cos hR

Sl
ð55Þ

which was derived after dividing Eq. (46) by d/L and set-
ting both / and DT to zero. The predicted velocities in
the numerical simulations were reduced by 2.28 cm/s, in
order to properly account for surface tension hysteresis
(second term of Eq. (55)). Experimental uncertainties yield
a range of uncertainty. As discussed with Fig. 6, uncer-
tainty bars encompassing the discrepancies between
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Fig. 8. Streamlines for the relative velocity at the interface for case 3
(note: y measured from the top to the bottom in the upper half of the
microchannel).
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theoretical and experimental data were also reported by
Sammarco and Burns [24] for droplet velocities in Fig. 7.
The authors reported that the microchannels were not per-
fectly rectangular, so the value of S = 12 yielded poorer
agreement with experimental data than actually exists.
The slope of the ‘‘theory” curve in Fig. 7 closely matches
the slope corresponding with experimental data, but the
measured velocity increases slower than predictions, when
the driving pressure is raised. This discrepancy may have
arisen since the dynamic contact angles vary with velocity,
whereas the numerical simulations have used constant
angles. As discussed previously for Fig. 6, experimental
errors with contact angle measurements are believed to
be responsible for the deviation between experimental, pre-
dicted and theoretical velocities in Fig. 7.

5.3. Case 3: Thermocapillary pumping in a closed-end

microchannel

This third problem considers thermocapillary pumping
of a discrete droplet in a closed microchannel (see Figs. 1
and 2). Unlike the previous problems, there exists no solu-
tion or experimental data in the archival literature for the
current problem (to our knowledge). As a result, an approx-
imate model (called the SA Model; slug-flow approxima-
tion) will be used for validation purposes. In this
problem, the density, viscosity, thermal conductivity and
specific heat of the water droplet are 998 kg/m3,
0.0096 kg/m s, 0.606 W/m K and 4181 J/kg K, respectively.
The problem domain includes a water droplet, enclosed air
regions and adjoining substrate sections (see Figs. 1 and 2).
The droplet length is 100 lm. The density, thermal conduc-
tivity and specific heat of the air are 1.16 kg/m3, 0.0263 W/
m K and 1007 J/kg K, respectively, while the property
values are 2500 kg/m3, 0.96 W/m K and 837 J/kg K for
the silicon substrate. The initial droplet temperature is
20 �C. Heat is applied to the droplet by bringing a thermal
bridge (portion of the substrate composed of a highly
conductive material) into contact with a heat source at
30 �C. The microchannel length was 2 mm and a timestep
of 0.0005 ms was used in the numerical simulations.

Heat transfer to the receding edge of the droplet pro-
duces a thermocapillary force that drives bulk motion of
the micro-droplet from left to right in Fig. 1. The current
CFD simulations yield both Poiseuille and re-circulating
features of the flow field. In Fig. 8, the predicted velocities
(relative to the droplet bulk velocity) are shown near the
right edge of the droplet. Symmetric re-circulation occurs
in the upper and lower halves of the microchannel during
bulk movement of the droplet from left to right. In view
of problem symmetry, only the lower (or upper) half of
the domain needs to be illustrated, with a zero gradient
condition along the mid-plane.

In Fig. 8, the fluid decelerates along the midplane as it
approaches the right edge, where an adverse pressure gra-
dient re-directs the fluid motion downward along the drop-
let/air interface and back along the lower microchannel
wall. Changes in flow directionality and surface tension
in the corners of the micro-droplet affect the onset of re-cir-
culation (at about 9.75 lm in Fig. 8). The droplet deceler-
ation near the corners of the micro-droplet occurs from the
combined thermocapillary and friction forces on the micro-
droplet, as well as opposing pressures from the compressed
and expanded air regions in the end sections of the micro-
channel (see Fig. 1).

Fig. 9 shows the pressure distribution along the droplet/
air interfaces. The values have been normalized by the
average interfacial pressure. Results are plotted at various
times during the simulation. It can be observed that the
normalized pressure distribution is independent of the time
step. This suggests that the pressure distribution reaches a
quasi-steady distribution for each time step in the simula-
tion. For sufficiently small droplets and slow heating rates,
it appears that the normalized bulk velocity distributions
collapse onto a single profile, which depends only on the
driving pressure (thermocapillary pressure plus external
air pressure).

The bulk velocity is plotted against the instantaneous
pressure difference across the channel in Fig. 10. The trend
appears to be linear, thereby indicating a direct relation-
ship between the average pressure difference across the
droplet and the bulk droplet velocity. This suggests that
the bulk droplet velocity can be determined from the
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steady-state Poiseuille velocity distribution, based on a
given pressure difference across the micro-droplet. The
expression for the steady-state velocity distribution for
laminar Poiseuille flow is [29]

uðyÞ ¼ �H 2

2l
oP
ox

y
H

� �2

� y
H

� �
ð56Þ

where ub can be determined from

ub ¼ �
H 2

12lDx
DP ð57Þ

Eq. (57) is depicted in Fig. 10 as a dashed line. Substituting
the problem parameters into Eq. (57) yields an expression
of ub = �3.5637DP, where Dx is the distance between the
left-most and right-most pressure nodal points (not the
length of the droplet). A curve fit of predicted FVM data
implies a line with ub = �3.4854DP. Thus, the steady-state
assumption over-predicts the bulk droplet velocities by
about 2.25% for the given problem parameters. Increasing
the droplet mass or magnitude of the heat source would
likely magnify this error.

The vertical pressure difference between the channel wall
and the channel centerline (DPv = Pcl � Pw) along the
advancing and receding edges of the droplet is illustrated
in Fig. 11. The results show how (DPv)L and (�DPv)R vary
with the bulk velocity of the droplet. The curves appear to
be overlapping straight lines. In addition to the pressure
profiles scaling directly with the average pressures along
the droplet edges (Fig. 9), Fig. 11 indicates that the pres-
sure required to redirect the flow from the channel wall
to the centerline varies directly with the bulk droplet
velocity.

In Fig. 12, the ratio of the left interfacial pressure to the
bulk droplet velocity is shown at various times. It can be
observed that the ratio decreases with time, especially
between 0.00005 and 0.0001 s, when the droplet accelerates
near the beginning of the heating period. Similarly as
trends depicted in Fig. 9, the left interfacial pressure rises
from the wall inwards to the centerline of the microchan-
nel. This capillary pressure rises over time, while the net
pressure difference across the droplet decreases due to the
opposing air pressure in the adjoining air region (see
Fig. 13). Fig. 13 shows close agreement between numerical
and analytical (SA Model) results at early times. The dis-
crepancy rises over time, due to errors with the Poiseuille
flow assumption of the SA Model when the droplet decel-
erates near the end of microchannel.

6. Conclusions

This article has reported new simulation data involving
thermocapillary droplet motion in a closed microchannel.
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A finite volume method with a moving grid was developed
to predict the coupled pressure/velocity fields at the drop-
let/air interface. The implicit pressure/velocity coupling
yields new data of fluid re-circulation in the corners of
the micro-droplet. This interfacial pressure becomes cou-
pled to the re-circulating velocity field within the micro-
droplet. Adaptive mesh refinement is applied at the moving
interface with control points to adjust the grid spacing. The
predicted results indicate that the external pressure differ-
ence across the micro-droplet decreases nearly linearly dur-
ing the heating period. Predicted data in this paper has
provided useful new insight regarding the fluid dynamics
of thermocapillary droplet transport in microchannels.
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